Abstract. This paper is concerned with the dynamics of vesicle membranes in incompressible viscous fluids. Some rigorous theory are presented for the phase field Navier-Stokes model proposed in [7] , which is based on an energetic variation approach and incorporates the effect of bending elasticity energy for the vesicle membranes. The existence and uniqueness results of the global weak solutions are established.
1. Introduction. The study of hydrodynamical and rheological properties of fluids involving vesicle membranes and cells is of interest in many biological and physiological applications. Considerable research efforts have been devoted to both experimental studies [1, 11, 13] and the development of mathematical models and computational codes of various degrees of physical relevance and sophistication regarding the membrane properties/configurations and the fluid constitution in recent years [2, 3, 4, 7, 14, 15, 16, 20, 21, 22, 24, 25, 26, 27] .
Vesicle membranes are formed by lipid bilayers which play an essential role in biological functions. Their equilibrium shapes are often characterized by minimizing the bending elastic energy of the membrane [12, 19, 23, 28] :
where Γ is the surface of vesicle membrane, H is the mean curvature of Γ, c 0 the spontaneous curvature and k the bending modulus. It is known that the behavior of these vesicles, in both static configurations and under external flow fields, dramatically differs from that of those droplets whose shape is governed by the surface tension (with surface energy depending only on the surface area of the membranes). In this paper, we continue our earlier studies [7] and consider the phase field Navier-Stokes model for the vesicle shape dynamics, which is governed by the coupling of the hydrodynamic fluid flow and the bending elastic properties of the vesicle membrane. The resulting membrane configuration and the flow field reflect the competition and the coupling of the kinetic energy and membrane elastic energies.
In the phase field Navier-Stokes model, the description of the membrane is given in terms of a phase field function φ (see [8] and the subsequent works [5, 6, 7, 9, 10, 32] for details). The phase field function φ, roughly speaking, is a labeling function defined on computational domain Ω. The function φ takes value nearly +1 inside the vesicle membrane and −1 outside, with a thin transition layer of width characterized by a small positive parameter ǫ. The zero level surface of φ represents the surface of vesicle membrane. The advantage of introducing such a labeling function is to formulate the original Lagrangian description of the membrane evolution in the Eulerian (observer's) coordinates.
As in [8] , we will approximate the elastic bending energy (1) by
For illustration purposes, the fluids both inside and outside the vesicle are taken to be an incompressible viscous Newtonian fluid and the elastic energy associated with the vesicle deformation mainly comes from the bending energy. We want to point out that it is easy to incorporate other physical considerations of the fluids and the membrane into our energetic variational approach. The vesicle deformation and the fluid velocity field are then regarded as the result of the competition between vesicle membrane bending energy and fluid kinetic energy, subject to the constraints that the volume and surface area of the vesicle are preserved. The equations governing the dynamics of the phase field function φ and the fluid velocity field u can be obtained via the energetic variation approach [7] . To enforce the two constraints, one may either adopt the Lagrange multiplier approach or use a penalty formulation [7] . Here, we focus on the latter, that is, we add two penalty terms to the elastic bending energy E ǫ (φ) to enforce the volume and surface area constraints respectively. As in [9] and [7] , the modified energy is given by
where
We define the following corresponding action functional which illustrate the competition between different part of the energies.
where x(t, X) can be thought as the incompressible fluid trajectory in the Lagrangian coordinate and u being the fluid velocity field. The Least Action principle yields the actual force balance (linear momentum) equation [7] . We are thus led to the following phase field Navier-Stokes equation for φ and u:
where δE(φ) δφ , the so-called chemical potential, denotes the variational derivative of E(φ) in the variable φ (its precise form is described later). The above equation is complemented by boundary conditions (BC). The particular BC considered in this paper is of the Dirichlet type for the phase field function φ and the no-slip boundary condition for the velocity field u:
The main objective of this paper is to provide a rigorous mathematical foundation to the above coupled phase field Navier-Stokes (PFNS) equation. In particular, we present the proof of existence and uniqueness of weak solution to (4) . Our results indicate that we can essentially control the coupling between the velocity field and the phase field so that the natural (energy) solution spaces for the PFNS equations remain the same as that for the decoupled conventional incompressible NavierStokes equation and the simple phase field gradient flow for the bending elastic energy. We elect to only focus on the case c 0 = 0 in this paper, though the proof can be readily extended to the non-zero spontaneous curvature case.
We note that some formal analysis has been given in [7] on the sharp interface limit of the coupled PFNS model as the interfacial width parameter ǫ → 0. In particular, it is seen that under a general ansatz assumption, the extra term
δφ ∇φ in the momentum equation leads to the well-known Willmore force acting between the background fluid and the membrane surface (see also [30] ), though the corresponding well-posedness results for the limiting system are still open and under investigation.
2.
Main results and formal estimates. In this section, we state our main results concerning the well-posedness of the coupled PFNS model and the properties of their weak solutions.
Throughout the discussion, we use the space H d (Ω) to denote the space of divergence free vector fields in H 
For notational convenience, for any given time T , we also use spaces like L p (0, T ; L q (Ω)) for functions of both the time and space variables as defined in [29] . In addition, we use < ·, · > to denote the inner product in (and duality pairing with respect to) L 2 (Ω), and we also use the following trilinear form:
The main results of this paper are the following existence and uniqueness theorems. Theorem 1. Existence of Weak Solution. Let Ω be an open, bounded subset of R 3 either having a smooth boundary or being a convex polyhedra. There exists a pair of functions φ and u with
which is a weak solution to equation (4) with boundary condition (5) (6) , that is,
2. A few remarks are first in order. First, we adopt suitable assumptions on the domain so that we can obtain the H 2 regularity for the Laplace operator with homogeneous boundary condition. Second, due to the standard theory for the conventional Navier-Stokes equations without the membrane stress [29] and the simple L 2 gradient flow of the elastic bending energy without the fluid transport [31] , it is easy to see that the main task at hand is to analyze the coupling terms in the PFNS equation, which has similar spirits as that in the study of coupled systems for fluid and liquid crystal director [17] . Therefore, we need to consider (control) the contribution to the momentum equation of the additional stress tensor due to the membrane deformation and the contribution of the convection term to the phase field evolution. With the energy law established below, it turns out that the solution space
for the velocity field u remains the same as that for the conventional three dimensional incompressible NavierStokes equations. This reflects the fact that the membrane stress tensor does not pose any extra limitation on the regularity of the weak solution of the velocity field. Meanwhile, the solution space
for φ also coincides with the natural space for the solution of the simple L 2 gradient flow of the elastic bending energy, again showing that the effect of fluid transport on the phase field function can also be properly controlled. Third, due to the limited regularity in u, the issue of uniqueness of the weak solution remains open even for the conventional Navier-Stokes equations in three dimension without the membrane effect, thus, we do not have the proof of uniqueness of the global weak solutions for the coupled PFNS equation in general. However, with a better regularity assumption on the weak solutions, as in the case of the conventional Navier-Stokes equations [29] , the uniqueness can be assured.
Before we turn to the proofs, let us also mention that we have chosen to work with the penalty formulation to incorporate the volume and surface area conservation of the vesicle membrane in time. The results presented here are for given penalty constants, so the constraints are satisfied only approximately. Careful examination of our proofs indicates that much of the estimates derived in the paper can be made to be independent of the penalty constants, thus allowing one to extract a suitable limit as the penalty constants approach infinity. Such a limiting process would lead the existence of solutions in the Lagrange multiplier formulation with the constraints exactly satisfied. However, a detailed account of the dependence and independence of the estimates on the penalty constants would require tedious bookkeeping notation-wise. To avoid complication, we elect to ignore such dependence in the later presentation.
The detailed proofs of the above theorems are divided into several parts which are given in the later sections. The main steps include establishing solution estimates from the energy law and passing to the limit via a modified Galerkin procedure. For a detailed account of similar techniques, we refer to the discussion on the conventional incompressible Navier-Stokes equation given in [29] . We note that though we have used the boundary condition (5-6), much of our analysis can be carried out in other cases as well, such as the Neumann and periodic boundary conditions, and in particular, the case of an inhomogeneous velocity profile on the boundary which is often used in the study of cell deformation in shear and/or extensional flows.
2.1. Formal derivation of the energy law. The dissipation of the kinetic energy is one of the most basic property of the conventional incompressible Navier-Stokes equations, and it can be easily derived. It is thus interesting to note that a similar energy law holds for the coupled PFNS equation, with the membrane bending elastic energy being added to the kinetic energy to produce the total energy.
For convenience, let us denote
Then, we may rewrite the energy as
The direct computation shows
We now give a formal derivation of the energy law for smooth solutions u and φ of (4). Multiply u to the first equation in (4) and δE(φ) δφ to the second equation, then integrate over Ω, we get the following dissipative energy law
Immediately one can conclude that if u and φ are the solutions of the PFNS, we have the uniform bounds (with respect to any T > 0) of the following type:
For weak solutions of (4), we can derive a weaker version of the energy law rigorously via a Galerkin procedure outlined below.
Formal estimates of
. Based on the bounds from the energy law and the PFNS equation, we may deduce better estimates on the time derivatives. (4), And,
Therefore,
2. We now take v ∈ H d (Ω). Also from equation (4), we get
By a well known interpolation result [29] , we have,
As for
Hence,
3. Proof the existence of weak solutions. This section is devoted to the proof of existence of weak solutions of the coupled PFNS equation (4) with boundary condition (5-6). We first outline a modified Galerkin approximation, then we consider its weak limit and verify it as a weak solution of (4). (Ω). Set W n = Span{ω 1 , ω 2 , . . . , ω n }. Apply the Galerkin approximation to the velocity field u, one can get the approximate equation for u ∈ W n and φ ∈ H 2 (Ω):
where P n is the L 2 projection operator to W n . The following Lemma asserts the existence of a solution to the approximate equation (11) . It also provides a uniform energy estimate on the solution (with respect to the dimension n).
Lemma 1. Existence of An Approximate Solution
δφ ∇φ · w dx ,
with a constant M independent of W n .
Proof.
1.
Apply Galerkin approximation to φ Denote by {υ 1 , υ 2 , . . .} the eigenfunctions of operator △ under the homogeneous Dirichlet boundary condition. They consist of an orthonormal basis of L 2 (Ω). By the assumption on the domain Ω, we have that the eigenfunctions of the Laplace operator have H 2 regularity. Set V m = Span{υ 1 , υ 2 , . . . , υ m }. Apply a modified Galerkin method to φ, we get an approximate equation to equation (12) as follows: find u m (x, t) and φ m (x, t) of the form
such that for k = 1, 2, . . . , n and l = 1, 2, . . . , m,
Here ′ means differentiating in time, and π m denotes a L 2 (also H 2 if applicable) projection to V m . The solutions have natural dependence on the index n, but for convenience, we have suppressed this dependence in the notation of u m and φ m .
It is easy to see that the above finite dimensional ODE system has a solution local in time.
Energy estimate
In equation (13), replace w k with u m , υ l with π m ( δE(φm) δφm ), we have,
the summation of the two expressions above gives the energy law,
It implies,
. By the construction of φ m (0, x), we also have that φ m (0, x) converges toφ(x) in H 2 (Ω) as m → ∞. Hence there exists some constant M independent of W n , such that,
Note that such an energy law essentially gives the existence of local solutions for all time. • u m is uniformly bounded in
. Similar to the previous formal derivation, we can rigorously obtaining estimates on u
. Therefore, using the Aubin-Lions type compact embedding results [29] , there exist some φ, u, such that,
• u m has a subsequence u m k converging to u weakly in
• φ m has a subsequence φ m l converging to φ weakly in L 2 (0, T ; H 2 (Ω)) and strongly in L 2 (0, T ; W 1,p (Ω)) for 1 ≤ p < 6. For convenience, if there is no ambiguity, from now on we will identify u m and φ m with their subsequences. 4. Passing weak limits of {u m } and {φ m } Choose w(t, x) = α(t)δ(x), v(t, x) = α(t)ξ(x) where α ∈ C([0, T ]), δ ∈ W n , and ξ ∈ V m , we have
In which,
Together with the energy estimate (14), we have
(a) Weak limit of { δE(φm) δφm }. We now prove that (a subsequence of) { δE(φm) δφm } converges to
It is sufficient to check on the nonlinear terms only. Since φ m is uniformly bounded in Similarly, we need to verify that
To give more details, we follow (15) term by term. First, we have
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Hence, as m → ∞,
We have
It is also easy to show,
weakly converges to
And,
Since α = α(t) is arbitrarily chosen in C([0, T ]), one can conclude for any δ ∈ W n and ξ ∈ V m ,
By density argument, it is also true for any δ ∈ W n and ξ ∈ L 2 (Ω). Setting α(0) = 1 and α(T ) = 0, one can show that u(0, x) = P nũ (x) and φ(0, x) =φ(x). Finally, since for i > n
for almost all t ∈ [0, T ] when i > n. Therefore u ∈ W n . This completes the proof of this lemma.
3.2.
Proof of the existence theorem. We now wrap up the proof of the existence theorem. According to Lemma 1, for any positive timeT ∈ (0, T ), and for each W n , the equation (11) has a solution u n and φ n , such that
where M is independent of W n . Hence,
Also,
Therefore, there exist some φ and u, such that,
• u n has a subsequence u n k converging to u weakly in
Similar to the claim in Lemma 1, (a subsequence of ) δE(φn) δφn converges weakly to
Let n → ∞, we get,
Because α(t) is an arbitrarily chosen function in C([0, T ]), one can conclude for any δ ∈ W n , ξ ∈ C(Ω),
δφ , ξ > By a density argument, it is also true for any δ ∈ H 1 0 (Ω) and ξ ∈ L 2 (Ω). Set α(0) = 1 and α(T ) = 0, one can show u(0, x) =ũ(x), and φ(0, x) =φ(x). This concludes the proof of the main existence theorem. 4 . Uniqueness of weak solution. We now provide the proof of the uniqueness of the weak solution, under the additional regularity assumption on the velocity field.
We first introduce a few notations to simplify the later discussion. Define
then it is easy to check that
Assume u i , φ i and p i (i = 1, 2) are two weak solutions to equation (4) satisfying the assumptions given in the uniqueness theorem. Letû = u 1 − u 2 ,φ = φ 1 − φ 2 andp = p 1 − p 2 . We derive a Gronwall type inequality forû andφ to prove the uniqueness.
4.1. Derivation of a Gronwall inequality. First, we have, Multiplyû to the first equation in (19) and M (φ) to the second one, integrate in space, we get
Since B(û, u 1 ,û) = −B(û,û, u 1 ), we have
where ̺ is an arbitrary small positive number.
Direct calculation shows,
and
Moreover,
Similarly,
We now use a claim (to be verified later):
Recall that φ 2 H 2 (Ω) ≤ CG(φ). Using (20) and putting everything together, we have
Using the estimates already derived and the extra assumption on the velocity field, we have
is integrable in time. This implies ifû(t) = 0 andφ(t) = 0 at t = 0, thenû = 0 and φ = 0 for all time, which proves the uniqueness theorem.
4.2.
Proof of claim (20) . We now verify the claim (20) used in the above proof. By (9) and the definitions of M and N , we get
This leads to
According to the energy estimate derived in the proof of existence theorem, we have
for some constant M . Now we carefully estimate the individual terms respectively. A generic time-independent constant C is used. Letφ = φ
Summing together, the claim (20) is verified.
5.
Conclusion. In this paper, a system of coupled phase field Navier-Stokes equations modeling the deformation and evolution of three dimensional vesicle membranes in a fluid field is analyzed. A major characteristic of the current model studied here, in comparison of many other similar models studied previously in the literature on membrane fluid interactions, even in the phase field context, is the inclusion of the bending elastic energy which is crucial for vesicle bilayers. The resulting interaction mechanism is thus based on the competition between the elastic bending energy of the membrane, with prescribed bulk volume and surface area, and the kinetic energy in the surrounding fluid velocity fields. The variation of the elastic bending energy leads to an extra stress in the Navier-Stokes equation, which involves a nonlinear combination of higher order spatial derivatives of the phase field function. Our main results illustrate that these additional contributions can be properly controlled due to the establishment of the energy law. Such an energy dissipation mechanism is intrinsic in our derivation of the coupled system. The results provide a rigorous mathematical foundation to the coupled phase-field Navier-Stokes equations and their numerical simulations [7] . The results can be extended to cases with the Neumann and periodic boundary conditions, as well as inhomogeneous Dirichlet condition for the velocity field.
We note that our analysis largely relies on the damping term in the evolution of the phase field function and can not be readily extended to the case of a pure transport. Such cases were treated in [18] for the systems for viscoelastic materials. However, the nonlinear coupling terms involve higher derivatives in this paper. In addition, the various estimates derived in the paper are not uniform with respect to the small interfacial width parameter ǫ and thus cannot be used in the study of the sharp interface limits. Such issues pose interesting challenges for future studies. Extensions to interactions of vesicles with other types of fluids (possibly with different types inside and outside the vesicle) may also be considered. Finally, it will be also interesting to study the existence of classical solutions of the system in this paper, in particular, the existence for the large viscosity situations.
